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1. Let (xn) be a sequence in Rm and xn(i) be the i-th co-ordinate of xn.

(a) Prove that (xn) converges if and only if (xn(i)) converges for every i.

(b) If (xn) is bounded, then show that (xn) has a convergent subsequence.

2. Let (X, d) be a metric space.

(a) Prove that |d(x, y)− d(a, b)| ≤ d(x, a) + d(b, y) for any a, b, x, y ∈ X.

(b) If (xn) and (yn) are Cauchy sequence in X, prove that (d(xn, yn)) converges
in R.

(c) If (Kn) is a decreasing sequence of compact sets in X with diam(Kn) 6→ 0,
prove that ∩Kn has at least two points.

3. (a) If f : [a, b]→ R is a continuous function, prove that f ∈ R[a, b].

(b) Let f : [0,∞) → [0,∞) be a decreasing function. Prove that
∑∞

n=1 f(n)

converges if and only if supN

∫ N

0
f <∞.

4. (a) Suppose a < c < b and f ∈ R[a, c] and f ∈ R[c, b]. Show that f ∈ R[a, b].

(b) Let f ∈ R[a, b] and define g: [a, b]→ R by g(a) = 0 and g(x) =
∫ x

a
f for all

x ∈ (a, b]. For any partition P of [a, b], define ∆(g, P ) =
∑n

i=1 |g(xi)− g(xi−1)|
where a = x0 ≤ x1 ≤ · · · ≤ xn = b is the partition P . Show that

∫ b

a
|f(t)|dt =

sup{∆(g, P ) | P is any partition of [a, b]}.

5. (a) Let E be an open set in Rn and f :E → R be a function that has local
maximum at some x ∈ E. If Dif exists on E, prove that Dif(x) = 0.

(b) Let f and g be real-valued functions defined on R that have continuous
second order derivatives. Define F :R2 → R by F (x, y) = f(x + g(y)) for all
(x, y) ∈ R2. Find a formula for the first and second order partial derivatives of
F in terms of the derivatives of f and g and verify the relation D1FD1,2F =
D2FD1,1F . Is F differentiable?
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